Debye's derivation of the Ornstein-Zernike modification of Einstein's theory of critical opalescence is reviewed. It is shown that Debye's free-energy function leads to a modification of the Landau theory for the width of the Rayleigh line which is equivalent to the results of Fixman, Botch, and Felderhof. This equivalence is utilized to predict the magnitude of the departure of Rayleigh linewidths from the Landau prediction by comparison with the results of angular-scattering intensity measurements. It is thus shown that in lightscattering experiments, pure fluids should obey the Landau theory quite accurately, whereas critical mixtures should show significant departures from the Landau prediction.
I. INTRODUCTION
T HE Einstein-Smoluchowski theory of critical opalescence assumed that fluctuations in neighboring volume elements are uncorrelated. This led to the prediction that the scattered light intensity is independent of angle and that the differential scattering cross section approaches infinity as the critical temperature is approached along the critical isochore. Later Ornstein and Zernike considered the effect of correlations between neighboring volume elements. They predicted an angular dissymmetry in the scattering intensity and that the differential scattering cross section approaches a finite value (except for forward scattering) as the critical point is approached. In most cases the experimental data fit the OrnsteinZernike scattering equation more closely than the Einstein equation.
An alternative to the Ornstein-Zernike approach to the effect of correlations was later presented by Debye. Debye accounted for correlations by the addition to the free-energy expression of a term proportional to the square of the density gradienU-3 Fixman has shown that the Ornstein-Zernike and Debye approaches are equivalent. 4 We follow the Debye approach, which leads to the scattering equation most directly and with fewest assumptions.
Recently another aspect of critical opalescence has become experimentally accessible as a result of techniques which permit measurements of extremely narrow linewidths. 6 Experiments using these techniques * This research was supported by the Advanced Research Projects Agency (Project Defender) and was monitored by the U.S. Army Research Office-Durham, under Contract DA-31-124-ARO-D-400.
1 P. Debye, J. Chern. Phys. 31, 680 (1959) . A similar suggestion had been made previously by Landau concerning the dependence of the free energy of binary alloys on the gradiant of the order parameter [d. L. Landau, Physik. Z. Sowjetunion 12, 123 (1937) ].
2 L. D. Landau and E. M. Lifshitz, Statistical Physics (AddisonWesley Pub!. Co., Inc., Reading, Mass., 1958) , Sec. 116. 3 M. E. Fisher, J. Math. Phys. 5, 944 (1964) . 4 M. Fixman, J. Chern. Phys. 33,1357 Phys. 33, (1960 . 6 H. Z. Cummins, N. Knable, and Y. Yeh, Phys. Rev. Letters 12, 150 (1964). have shown that the width of the Rayleigh line decreases as the critical temperature is approached.6-10 These experiments have been interpreted in terms of a formula derived by Landau. n Like Einstein's derivation of the scattering cross section, Landau's derivation of the Rayleigh linewidth neglects the effect of correlations between neighboring volume elements. Fixman and Botch 12 (and more recently Mountain 13 and Felderhof1 4 ) have proposed a modified linewidth formula (hereafter referred to as Fixman's modification) which includes the effect of correlations. We show how Debye's modification of the free energy leads to the linewidth expression of Botch and Fixman. It is seen that the multiplicative correction terms involved in the scattering cross section and linewidth expressions are identical. Since, as Fixman has shown, the Debye and Ornstein-Zernike approaches are a necessary consequence of one another, the modified expression for the linewidth is as valid as the OrnsteinZernike formula for the scattering cross section.
The free-energy approach to the effect of correlations emphasizes the fact that the divergence of the scattered light intensity in Einstein's theory and of the fluctuation relaxation time in Landau's theory both result from the vanishing of a thermodynamic "restoring force" associated with the fluctuation. The 6 S. S. Alpert, Y. Yeh, and E. Lipworth, Phys. Rev. Letters 14, 486 (1965 
(1) (p is the density, Ao is the vacuum wavelength of the incident light, and n is the refractive index of the medium.) The Fourier component c5PK of the density fluctuation c5p= p-po can be evaluated using thermodynamic fluctuation theory where the probability of fluctuation is given by2 
where F is the free energy per unit volume. Then, since
we have
Since each term in the sum involves only one c5PK, the fluctuations of different K are independent. Hence for any given K, I::..Ft(PK) =~aV I c5PK 1 2 , and
which is a Gaussian with variance (5) Now from Eq. (3), a= (o2Fjop 2 h, and, from thermodynamics,
where {3T is the isothermal compressibility. Therefore we have
Thus (8) which is Einstein's result. Fisher 16 has shown that any theory which assumes that the free energy expressed as a function of density and temperature is nonsingular at the critical point leads to the prediction that the compressibility diverges along the critical isochore as a simple pole. That is, {3TO:
(where Tc is the critical temperature); hence u (8) diverges as I T-Tc 1-1 . The cause of this divergence in u (8) is the vanishing of (o2Fjop2)T which in this approximation makes the free energy independent of p. The effect of correlations can be introduced directly into the Einstein thermodynamic theory by including a term which is proportional to I V P 12 in the freeenergy expression, as was first shown by Debye,l,4 and I!J.w1I2/K2 predicted by the Ornstein-Zernike-Debye and Fixman-Botch-Felderhof theories, respectively. Ornstein-Zer-
F-F(Po)=ia(p-PO)2+ib
Therefore, for the Debye theory the Rayleigh factor is
The Ornstein-Zernike approach to the effect of correlations leads to 3 (12) where R is a measure of the range of the "direct correlation" and is assumed to be nonsingular in the critical region, and K, the inverse correlation length, is given by
Thus K-tO as T----+Tc along the critical isochore. By comparing the Debye result, Eq. (11), to the equivallent Ornstein-Zernike result, Eq. (12), we find
Using Eqs. (6), (13) , and (14a), we obtain
Summary. For all three theories we can write:
where for the Einstein theory
for the Debye theory
and for the Ornstein-Zernike theory
For small K/K, (16b) and (16c) shown to be almost perfectly fulfilled for x-ray scattering in argon by Thomas and Schmidt.I1
III. LANDAU-PLACZEK THEORY
In the preceding section the free-energy function used was the Helmholtz free energy, which is a function of density and temperature. Since it is usually true that (a€/aT)p«(a€/aph, the total fluctuation in € (and hence the total light scattering) arises from the single term (a€/aph2«oph2). In discussing the spectrum of the scattered light this choice is not convenient since both the Rayleigh (quasielastic) and Brillouin (inelastic) components are combined in a single term. The intensity ratio IR/2IB is given by which is the Landau-Placzek ratio,u,18 In the critical region (3T»{3s, so that in the limit T -'> Tc Expression (20) for «c5p)p2) and Expression (7) for «c5p)2) become equal. Hence in the limit T-'>Tc the Rayleigh intensity equals the total intensity.
IV. RAYLEIGH LINEWIDTH
The width of the Rayleigh line is determined by the time constant with which the isobaric entropy fluctua- 18 For recent discussions of the Landau-Placzek ratio including comparison with experiment, see: H. Z. Cummins and R. W. Gammon, J. Chern. Phys. 44, 2785 (1966 96, 469 (1954) . 21 Note that in this section we assume that only one variable need be considered in order to avoid introducing an additional term in the relaxation and transport equations. Since the relevant variables are entropy and pressure, this is equivalent to assuming isobaric conditions throughout in accord with the LandauPlaczek theory.
Now suppose that

Set) = SO+SK(t) exp(iK·r). (37) Then
(aSK/at) = -(A/Cp)K2S K (t) = -(AK2/ pcp) SK(t) ,
where Cp= (Cp/p). Hence (38) where (39) which is the Landau result.!l Thus, an isobaric entropy fluctuation with wave vector K will follow a simple exponential decay law with characteristic time constant T.
The resultant spectrum of the Rayleigh line is thus a Lorentzian of half-width at half-maximum modification was originally derived from the hydrodynamic equations, which were modified by the inclusion of a term describing the effect of density correlations; the resultant linewidth expression was
. (46) However, in the neighborhood of the critical point cp»Cy, so that (46) becomes identical to (45).
Using Eq. (6) we can rewrite Eq. (44):
Since i3T and Cp both diverge (classically) as I T -Te I-I,
(40) Summarizing, we can write
The divergence of the relaxation time (T---+OO as T---+ Te)
is thus seen to result directly from the disappearance of the thermodynamic "force" Q= (pCp)-l(S-So) and is therefore directly analogous to the divergence of (f(O) in the Einstein theory. In the spirit of Debye's modification of Einstein's free-energy Expression (9) we may make a similar modification of Eq. (30). Thus
(H-Ho)p= (T /2pcp) (S-So)2=!a'(S-So)2 is replaced by (H-Ho)p=!a'(S-So)2+W
is replaced by
where we have taken (S-So) = SK exp(iK·r).
Since T a:: Q-1, the T of the Landau equation [Eqs. (38) and (39)J is multiplied by a'/(a'+b'K2) and thus
The quantities a and b in the Debye theory (Sec. II) are associated with total density fluctuations while a' and b' in the present section refer only to the isobaric component of the density fluctuations which generate the Rayleigh line; nevertheless, the ratio a'/b' can be taken as equal to a/b. Hence we have Since (14a) we have which is equivalent, in the neighborhood of the critical point, to the Fixman modification as given by Botch l2 (see also Mountain l3 and Felderhof1 4 ). The Fixman
where CP-I(O) is given in Fig. 1 with l(a) representing Landau's result and 1 (b) representing Fixman's modification.
V. NUMERICAL ESTIMATES
The thermodynamic theory of Sec. IV is ultimately subject to the same criticisms as the Debye theory, since the power series expansion for the free energy may not converge for temperatures arbitrarily close to Te. However, the Fixman modification should represent experimentally determined Rayleigh linewidths more accurately than the Landau theory, just as the O-Z-Debye theory represents the scattering cross section more accurately than the Einstein theory.
As we have seen, both the reciprocal scattering cross section (f-I(O) and the half-width of the Rayleigh line divided by K2, (~wl/K2), are proportional to the quantity CP-l(O) , which is given by
Since i3Ta:: I T-Te 1-1, CP-I(O) will itself be proportional to the quantity (50) where h has the dimensions of temperature and scales with wavelength as X-2 • The significance of the "temperature" h can be seen by examining the O-Z plot of Fig. 1 (b) . The total range of K2 represents a variation of sin2!O from 0 to 1. Thus the maximum change in CP-I(O) with 0 (measured at fixed T) is equal to the change in CP-I(O) at fixed 0 produced by a change in the temperature equal to h.
If ~x is large, the slope of the isotherms will be large, so the O-Z modification for (f(O) and the Fixman modification for ~wl/K2 will be important.
If ~x is small (e.g., less than 1 mdeg C), the modifications will be small, and the scattering cross section For temperatures within a few millidegrees of the critical temperature the experimental difficulties due to convection, density gradients, and multiple scattering are quite severe. Thus, at least for argon, departures from the Einstein and Landau theories are probably too small to be observable in light-scattering experiments.
Although experimental results for other singlecomponent systems are less complete than for argon, we mention some recent experimental evidence which suggests that carbon dioxide is characterized by a parameter ~ which is not significantly larger than that of argon:
(1) Preliminary results of angular light-scattering measurements in CO 2 by Sengers, McIntyre, and Wims show no significant slope of the O-Z isotherms. 22
(2) Measurements of the Rayleigh linewidth vs angle at fixed T in CO 2 by Wilcox, Alpert, and Yeh 8 show no measurable departures from the Landau equation in the immediate vicinity of the critical temperature.
B. Liquid Mixtures
In contrast to the pure fluid situation, nonhorizontal isotherms in the O-Z plots for critical liquid mixtures have been frequently observed. In Table I Analysis of x-ray-scattering data for argon and preliminary experimental light-scattering data for CO 2 has led us to predict that critical opalescence in pure fluids observed with light should show extremely little departure from the Einstein and Landau predictions, since ~A for argon with Ao= 6328 A is less than 10-3 °C.
Critical liquid mixtures, however, exhibit considerable slope of the isotherms-presumably because the correlation length increases more rapidly as T~Tc for critical mixtures than for pure fluids-and ~A is in some cases on the order of 10-1 °C. Departures of the Rayleigh linewidth from Landau's equation-in accordance with the modification proposed by Fixmanshould therefore be experimentally detectable in the case of liquid mixtures since the change in i1W!/ K2 produced by scanning (J from 0° to 180° will be equivalent to changing T (with (J fixed) by nearly 10-1 °C.
INTRODUCTION
I
N systems consisting of several components there are a number of kinetic problems which may be formulated as the kinetics of growth of a "mixed chain," i.e., a chain whose vth unit may be any of the components of the system. Examples of such systems are (1) a mixture of monomers which polymerize to form a copolymer, (2) a mixture of several components which crystallize to form a solid solution,the chain in this case being a crystal strip growing at, say, a screw dislocation edge, (3) a polymer melt or solution crystallizing to form a chain-folded crystal, the chain being a strip growing on the edge of the crystal and the "components" being the possible lengths of the segments of molecules between folds.
In these problems it is desirable to be able to calculate the rate of growth of the chain as a function of the relevant parameters of the system, the average composition of the chain at various rates of growth, and the various pair and higher distributions. For the copolymer case this has been done, but the backreaction has not specifically been taken into account.
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For the case of crystallization in a binary system, the problem has been formulated by Chernov 2 and solved for certain specialized conditions. The polymer crystallization problem has been formulated and solved by Price 3 for equilibrium conditions but not for conditions of finite growth rate.
H is our purpose to develop a method by which in principle any such problem may be solved, and by which in practice a relatively large number of components (of the order of 10) may be handled. A preliminary account has already been given.
4
FORMULATION OF THE PROBLEM
We consider a system of n components and consider an ensemble of chains II units long growing in this
